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Abstract 

In this paper we study a family of scattered F g -linear sets of rank tn of the projective space 
PG(2n — 1, q ) (n > 1, t > 3), called of pseudoregulus type, generalizing results contained in 
[21] and in |15j . As an application, we characterize, in terms of the associated linear sets, 
some classical families of semifields: the Generalized Twisted Fields and the 2-dimensional 
Knuth semifields. 
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1 Introduction 

In recent years the study of linear sets has constantly increased its importance mainly because 
of their connections with other geometric objects such as blocking sets, translation ovoids and 
semifield planes (for an overview see |22j). 

In this paper we study a family of maximum scattered F g -linear sets of the projective space 
A = PG{2n — 1,</*) (n > 1, t > 3). They were first introduced in [21J for n = 2 and t = 3, and 
further generalized in [15J for n > 2 and t = 3. If A is not a line, it is possible to associate with 
any such linear set a family of (q nt — l)/(q t — 1) pairwise disjoint lines admitting exactly two 
(n — l)-dimensional transversal spaces. Such a set of lines is called pseudoregulus, in analogy to 
the pseudoregulus of PG(3,q 2 ) introduced by Freeman in [7j. For this reason, we refer to the 
relevant family of linear sets as linear sets of pseudoregulus type. 

All maximum scattered F g -linear sets of A = PG(2n— 1, q 3 ) (n > 2) are of pseudoregulus type 
and they are all equivalent under the action of the collineation group of A (see \21\ Propositions 
2.8 and 2.7] for n = 2 and [151 §3 and Theorem 4] for n > 3). In this paper, we characterize 
F g -linear sets of PG(2n — 1, q l ) {n > 1, t > 3) of pseudoregulus type in terms of the associated 
projected subgeometry and we prove that there are <p(t)/2 (where ip denotes the Euler's phi 
function) orbits of such Fq-linear sets under the action of the collineation group of PG(2n — 1, q l ) 
(Theorems I3.11|. 13.131 14.31 and I4.6j) . Also, we show that, when t > 4, there exist examples of 
maximum scattered F^-linear sets of PG(2n — 1, q l ) (n > 1) which are not of pseudoregulus type 
(Example S3]). 
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Finally, in Section [5] we first prove some geometric properties of the Segre Variety S n ^ n of 
the projective space P = PG{n 2 — l,q). These properties, together with the results contained 
in Sections and HI allow us to describe and characterize the linear sets associated with some 
classical semifields: the Generalized Twisted Fields and the Knuth semifields 2-dimensional over 
their left nucleus (Propositions 15151 and 15771 Theorems 15.41 and 15, 8|) . 



2 Preliminary results 

A (t — l)-spread of a projective space PG(nt — 1, q) is a family S of mutually disjoint subspaces 
of dimension t — 1 such that each point of PG(nt — 1, q) belongs to an element of S. 
A first example of spread can be obtained in this way. Let PG{n — l,q t ) = PG(V,¥ q t). Any 
point P of PG(n — l,q l ) defines a (t — 1) -dimensional subspace X(P) of the projective space 
PG{nt -l,q) = PG(V, ¥ q ) and V = {X(P) : P € PG{n - 1, q 1 )} is a spread of PG(nt - 1, q), 
called Desarguesian spread (see [23], § 25)o- If n > 2, the incidence structure II n _i(P), 
whose points are the elements of T> and whose lines are the (2t — l)-dimensional subspaces of 
PG(nt — 1, q) joining two distinct elements of T>, is isomorphic to PG(n — 1, q l ). The structure 
II n _i(2?) is called the ¥ q -linear representation of PG{n — l,q t ). 

A Desarguesian (t — l)-spread of PG(nt — l,q) can be obtained also as follows (see [23l 
§27], [161 and g]). Embed S ~ PG{nt - l,q) in £* = PG(nt - l,q*) in such a way that S is 
the set of fixed points of a semilinear collineation ^ of X* of order t. Let O = PG(n — l,q l ) 
be a subspace of X* such that 0, O*, 0* span the whole space S*. If P is a point of 
G, X*(P) =< > is a (t - l)-dimensional subspace of S* defining a (t - 1)- 

dimensional subspace X(P) = X*(P) n E of E. As P varies over the subspace G we get a set 
of g*( n_1 ) + g*( ra_2 ) + • • • + qr* + 1 mutually disjoint (t — l)-dimensional subspaces of El. Such a 
set is denoted by V = D(G) and it turns out to be a Desarguesian (t — l)-spread of S. The 
(n — l)-dimensional subspaces Q, 6 , are uniquely defined by the Desarguesian spread 
P, i.e. T>(Q) = V(X) if and only if X = @ for some i € {0, 1, . . . , t — 1} and, following the 
terminology used by Segre |231 page 29], we will refer to them as director spaces of V (see also 
[151 Theorem 3]). 

Remark 2.1. Let S be a (t - l)-spread of E = PG(nt - 1, q) embedded in S* = PG(nt - 1, q l ) 
in such a way that El = Fix{^>) where ^ is a semilinear collineation of El* of order t. If H is an 
(n — l)-dimensional subspace of S* such that 

(i) £* = (tf, tf*'" 1 ); 

(ii) X* n F 7^ for each (t - l)-dimensional subspace X* of £* such that X* n S G 5; 

then it is easy to see that T>(H) = S, i.e. 5 is a Desarguesian spread and H is one of its director 
spaces. 



In [23] a Desarguesian spread is called "Sistema Grafico Elementare" . 
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2.1 Linear sets 

Let A = PG(r — 1, q l ) = PG(V,¥ q t), q = p h , p prime, and let L be a set of points of A. The 
set L is said to be an ¥ q -linear set of A if it is denned by the non-zero vectors of an F^-vector 
subspace U of V, i.e., L = Ljj = {(u)f t : u G U \ {0}}. If dim^ q U = k, we say that L has rank 
k. If O = PG(W, Fgt) is a subspace of A and Ljj is an Fg-linear set of A, then £1 n Lj/ is an 
F ? -linear set of f2 defined by the F g -vector subspace U fl W, and we say that f2 has weight i in 
Ly if dimF,(W n £/) = i and we write ojl v {Q) = i. If Lj/ ^ 0, we have 

1^1 < q*- 1 + q k - 2 + ---+q + l, (1) 
= 1 (mod 5). (2) 

For further details on linear sets see [22J. 

An F g -linear set Ljj of A of rank k is scattered if all of its points have weight 1, or equivalently, 
if L\j has maximum size q k ~ 1 + q k ~ 2 + ■ ■ ■ + q + 1. 

In [4], the authors prove the following result on scattered linear sets. 

Theorem 2.2. [H Theorem 4.2] A scattered ¥ q ~linear set of PG{r — 1, /ias ranfc a£ mosi 

A scattered F ? -linear set L of PG(r — l,q t ) of maximum rank rt/2 is called maximum scattered 
linear set. 

Remark 2.3. Note that if L is a scattered F q -linear set of PG(r — l,q ) containing more than 
one point, then by ([2]) Ly is not an Fgs-linear set for each subfield ¥ q s of ¥ q t properly containing 
¥ q . In other words, a scattered F^-linear set L of rank k > 1 of PG(r — 1, is not a linear set 
of rank n < k. Also, by Theorem 12. 2| a maximum scattered linear set of PG(r — 1, q l ) spans the 
whole space. 

If dirriY q U = dim^^V = r and (U)w qt = V, then the Fg-linear set Ljj is a subgeometry of 
-PG(V, F^) = PG{r — 1, g 4 ) isomorphic to PG{r — 1, g) . If £ = 2, then L^/ is a Baer subgeometry 
of PG(r-l,q 2 ). 

In [19], the authors give the following characterization of Fq-linear sets. Let £ = PG(k — l, q) 
be a subgeometry of S* = PG(k — 1,</*), let T be a (/c — r — 1) -dimensional subspace of S* 
disjoint from X and let A = PG(r — 1,5*) be an (r — l)-dimensional subspace of X* disjoint 
from r. Denote by 

L = {(T,P) n A : P G £} 

the projection of S from T onto A. We call T and A, respectively, the center and the oxis of the 
projection. Denote by pr,A the map from £ to L defined by P t-¥ {T, P) fl A for each point P of 
E. By definition pr,A is surjective and L = pr,A(£). 

Theorem 2.4. |19t Theorems 1 and 2] If L is a projection of S = PG(k — l,q) onto A = 
PG(r - 1,5*), f/ien L is an ¥ q -linear set of A of rank k and (L) = A. Conversely, if L is 
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an F q -linear set of A of rank k and (L) = A, then either L is a subgeometry of A or for 
each (k — r — 1) -dimensional subspace T of S* = PG{k — 1,(?*) disjoint from A there exists a 
subgeometry £ of X* disjoint from T such that L = pt,aC^)- 

Also, in |14| it has been proven: 

Theorem 2.5. [141 Theorem 3] Let L\ = pn a(£i) anc? L2 = pr 2 ,AC^2) be two ¥ q -linear sets 
of rank k of A = {L\) = (L2), and suppose that Li is not a linear set of rank n < k. Then L\ 
and L2 are projectively equivalent if and only if there exists (3 G Aut(H*) such that = £2 and 

rf = r 2 . 

Remark 2.6. Note that, if Sr = S*/T ~ PG(r — l,q l ) denote the (r — l)-dimensional space 
obtained as quotient geometry of S* on T, then the set Lr,s of the {k — r)-dimensional subspaces 
of S* containing T and with non-empty intersection with X is an Fg-linear linear set of the space 
Sr isomorphic to L = pr,A(S), for each (r— 1) -dimensional space A disjoint from T. This means 
that pr,A(S) is isomorphic to the F g -linear set {P + T : P G £} of the quotient space Sr, and 
hence it does not depend on the choice of the axis A, and we will simply denote it as pr(T,). 



3 Maximum scattered ¥ q — linear sets of pseudoregulus type in 

PG{2n-l,q t ) 

In this section we study a family of maximum scattered linear sets to which it can be associated 
a geometric structure called pseudoregulus. This generalizes results contained in [21], [12] and 

m- 

Definition 3.1. Let L = Ljj be a scattered F^-linear set of A = PG(2n — l,q ) of rank tn, 
t, n > 2. We say that L is of pseoudoregulus type if 

(i) there exist m = qt _ 1 pairwise disjoint lines of A, say s\, S2, ■ ■ ■ , s m , such that 

wl(si) = t, i.e. \L n 5, 1 = g*" 1 + g*~ 2 H hg + 1 Vi = l,...,m; 

(ii) there exist exactly two (n — 1) -dimensional subspaces T\ and T2 of A disjoint from L such 
that Tj n Sj ^ for each i = 1, . . . , m and j = 1, 2. 

We call the set of lines Vl = { s i ■ i = 1, ■ ■ ■ , m} the F q -pseudoregulus (or simply pseudoregulus) 
of A associated with L and we refer to T\ and T2 as transversal spaces of "Pl (or transversal 
spaces of L) . Note that, by Remark 12.31 L spans the whole space and hence the transversal 
spaces T\ and T2 are disjoint. When t = n = 2, these objects already appeared in [TJ, where the 
term "pseudoregulus" was introduced for the first time. 

If L is a scattered F^-linear set of the projective space PG(r - l,q f ), then by Theorem O 
every /i-dimensional subspace of PG(r — l,q l ) intersects L in a linear set of rank at most 
(h + l)t/2, i.e. the weight of in L is at most (h + l)t/2. So we get 
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Proposition 3.2. Ift > 3, then the lines of weight t in a scattered ¥ q -linear set L of PG(r—l, q l ) 
of rank h are pairwise disjoint and hence the number of such lines is at most (q h — l)/(q t — 1). 

Proof. If I and £' are distinct lines of PG(r — 1, q ) of weight t in L and I n I 1 ^ 0, then the 
plane 7r joining I and ^' has weight at least It — 1 in L. On the other hand, since tt n L is a 
scattered F 9 -linear set of the plane 7r, by Theorem 12.21 we also have that the weight of tt in L 
is at most 3i/2; so we get t < 2, a contradiction. Hence, the number of lines of PG(r — l,q l ) 
having weight t in L is at most 

q h-i + gft— 2 _| + 1 _ g 71 — 1 

+ g t-2 H 1_ q + i ~ gt _ i ■ 

□ 

As a consequence of Proposition 13.21 we get 

Corollary 3.3. If L is an ¥ q -linear set of pseudoregulus type of the projective space A = PG(2n— 
1, q 1 ), with t > 3, then the associated pseudoregulus is the set of all the lines of A of weight t in L. 
Hence, the pseudoregulus associated with L and its transversal spaces are uniquely determined. 

Remark 3.4. If t = 2, a scattered Fq-linear set L of rank 2n of the projective space A is a Baer 
subgeometry isomorphic to PG(2n — 1, q) and each line spread of L produces a set of lines of A 
satisfying (i) of Definition 13.11 and each Desarguesian line spread, say T>, of L gives a set of lines 
of A satisfying both (i) and (ii) of Definition 13.11 In this last case the transversal spaces are 
the two (n — l)-dimensional director spaces of the Desarguesian spread V. So each maximum 
scattered F^-linear set L of the projective space A = PG{2n — l,q 2 ) is of pseudoregulus type, 
but in this case the associate pseudoregulus is not uniquely defined; also, being these linear sets 
Baer subgeometries, they are all projectively equivalent. The same happens in the next case, 
i.e. each maximum scattered F^-linear set L of the projective space A = PG{2n — 1, q 3 ) (n > 2) 
is of pseudoregulus type and they are all projectively equivalent (see [2T] and [13 Theorem 4, 
Lemma 5, Lemma 7, Theorem 10]). Whereas, when t > 3: (i) there exist maximum scattered 
Fg-linear sets of the projective space A = PG(2n — l,q l ) which are not of pseudoregulus type 
(see Example I4.8P ; (ii) F g -linear sets of pseudoregulus type, in general, are not all projectively 
equivalent (see Theorem 13. 13[) . 

The construction presented in [ 121 Section 2] when t = 3 and n = 2, can be generalized providing 
a simple way to construct scattered F^-linear sets of pseudoregulus type of PG(2n — 1,</*) for 
any t, n > 2. 

Let A = PG(V,¥gt), where V = V(2n,¥ q t) = U x U 2 , with dimUi = dimU 2 = n and let 
T\ = PG(U\,¥ q t) and T 2 = PG(U2,¥ q t). Now, let $j be a strictly semilinear collineation 
between T\ and T 2 , induced by the invertible semilinear map / : U\ —¥ U2, having as companion 
automorphism an element a G Aut(¥ q t) such that Fix{a) = ¥ q . Then for each p S F* t , the set 

W pJ = {u + pf(u) : ueC/x} 



5 



is an Fg-vector subspace of V of dimension tn and it is not difficult to see that L = Ly/ p f is an 
F g -linear set of A or rank tn of scattered type *q. Also, we can see that for each line sp joining 
the points P = (u) and P®f = (/(u)) of Ti and T 2 respectively, we have that 

s P n L = {(Au + A CT /(u)) : A G F* t }. (3) 

Hence, the line sp, for each P G Ti, has weight t in L. Also, if P 7^ Q, the lines sp and 
sq are disjoint. This means that L satisfies (i) of Definition 13.11 Moreover, it is clear that 
Ti n s P = {P} and T 2 (1 s P = {P*/} for each P G Ti and that Ti n L = T 2 n T = 0. In 
addition, Ti and T 2 are the only (n — l)-dimensional transversal spaces of the lines sp. Indeed, 
if T = PG(U,¥ q t) = PG(n — 1,5*) were another transversal space, then T would be disjoint 
from T\ and T 2 and, since T n sp 7^ for each P £ Ti, we have that 

f/ = {u + Au/(u) : uef/i}, 

where Au £ F g t for each u&Ui and Au 7^ for each u^O. Now, since U is an ¥ q t -subspace of 
V, the map / turns out to be an F„*-linear map of V, a contradiction. So, also L satisfies (ii) of 
Definition 13.11 and hence Lw f is a maximum scattered F g -linear set of A of pseudoregulus type 
and Vl = {sp : P € Ti} is its associated pseudoregulus. Hence we have proved the following 

Theorem 3.5. LetT\ = PG(Ui,¥ g n) andT 2 = PG(U 2 ,¥ q n) be two disjoint (n — 1)- dimensional 
subspaces of A = PG(V,¥ q n) = PG(2n — and let &f be a strictly semilinear collineation 

between T\ and T 2 having as a companion automorphism an element a G Aut{¥ q t) such that 
Fix(o) = ¥ q . Then, for each p € F* t , the set 

L p j = {(u + pf{u)) : «ef/i\{fl}} 

is an ¥ q -linear set of A of pseudoregulus type whose associated pseudoregulus is Vl p f = {(P, P®f) : 
P G T\}, with transversal spaces T\ and T 2 . 

Remark 3.6. Note that, with the notation of the previous theorem, if L p j n L p >j 7^ 0, then 
L p j = Lpij and this happens if and only if N q t/ q (p) = N q t/ q {p'). Hence T±, T 2 and the 
collineation $ f define a set of q — 1 mutually disjoint linear sets of pseudoregulus type admitting 
the same associated pseudoregulus V and covering, together with the transversal spaces T\ and 
T 2 , the pointset of V. 

Up to projective equivalence, the scattered F g -linear sets L p j only depend on the field 
automorphism associated with /. Indeed, we have 

Theorem 3.7. The ¥ q -linear sets of A = PG(2n — 1,5*) (n > 2,t > 2) L p j and L p > g are 
PYL- equivalent if and only ifaf = a^ 1 where o~f and a g are the automorphisms associated with 
f and g, respectively. 

2 More generally, if Fix(a) — ¥ q i, then Lw p , is an F 9 /-linear set of A of scattered type 
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Proof. If t = 2, the assertion follows from Remark 13.41 Let t > 2. Then, by Corollary 13.31 
the transversal spaces associated with L p j and L p i g are uniquely determined. Hence, up to 
the action of PGL(2n,q t ), we may assume that the transversal spaces of L p j and L p i g are 
the same. Also, since L p j = Li„f, we may consider scattered Fg-linear sets of the form L\ t. 
Suppose that L\j and L\ g are projectively equivalent; i.e., there exists a collineation <\>p of 
A = PG(2n — l,q ) = PG(V, ¥ q t) defined by an invertible semilinear map F of the vector 
space V having companion automorphism r, such that <t>p(L\j) = L\ jg . By Corollary 13.31 
F ({Ti,r 2 }) = {T X ,T 2 }. Precisely, either 4> F {Ti) =T h i= 1,2 or <f> F {T^ = Tj, {i,j} = {1,2}. 

In the first case, we have that F(Ui) = U\ and F(U2) = ~Ui- Since 4>p(Lij) = Li >g , for each 
u G C/i we have 0_f((u + /(u))) = + /(n))) £ ^i,g> i n other words, for each vector u G f/i 
we have 

F(u + /(u)) = Au(u' + g(u')) = Au_u' + Aus(u'), (4) 

where u' € U\ and Au € F* t if u ^ 0. On the other hand, we also have F(u + /(u)) = 
F(u) + F(f(u)), with -F(u) G Lq and F(f(u)) G t/2. Taking this fact into account, since 
V = Ui © U2, Equation implies that 

F(/(u)) = A us(^) = ^(^(e))- (5) 

Let now u and y be two nonzero vectors of U\. If u and y are ¥ q t -independent, then by Equation 
([5]), from one hand we have 

F(f(u + v)) = \^{ 9 (F(u)) + A^ 5 (F(y)), 

and from the other hand we get 

F(f(u + v)) = F(/(u)) + F(/(v)) = A^ 5 (F(u)) + A^(F(v)). 

This implies that A u 09 = A u+ ^f = Ay 09 , i.e., since Fix{a g ) = F 9 , Au/Ay_ G F 9 . 

On the other hand, if u and y are ¥ q t -dependent, choosing a vector w G Lq, such that 
w (u), and arguing as above we get Au/Ay_ G F g . 

This means that for each u, y G U\ there exists an element /3u,v € F g such that Au = /?u,vAy 
Let u£[/i,u/0. Then, taking into account Equation ([5]), we get 

F(/(au)) = « CT ^A^ CTs 5 (F(u)) (6) 
for each a G F»t. On the other hand, using again Equation (|5|), for each a G F g t we have 

F{f{au)) = \ l ^a^g{F{u)), (7) 

where A aU _ G ¥ q t. Since Au/A a u G F 9 , we have A* U CT9 = A u 09 . Taking into account this fact, by 
Equations © and ([7]) we get a "^ = q to " 9 for each a G ¥ q t, which implies a/ = a g . 
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In the second case we have F(U\) = U% and F{U-i) = U\ and arguing as in the previous case we 
get o g = aj 1 . 

Conversely, suppose that Of = o g and let 4>p be the collineation of A defined by the map F 
of the vector space V = U\ © TJ% defined as follows 

i ? (ui + u 2 ) = u 1 + 5 (r l (u 2 )), 

where u± € U\ and u 2 € ?7 2 . Then (j)p(L\j) = Li >g . On the other hand, if cry = o - ^ 1 , the 
collineation <f>p of A defined by the following map F oi V = Ui ® U2 

i ? (u 1 + u 2 ) = 5 (u 1 ) + r i (u 2 ) 

sends L\j to L\, g . This concludes the proof. □ 
As a consequence of Theorem 13.71 we have the following 

Corollary 3.8. In the projective space A = PG(2n -l,(f) (n > 2, t > 3) there are <p(t)/2 
orbits of scattered ¥ q -linear sets of A of rank tn of type L p j under the action of the collineation 
group of A. 

Proof. By the previous theorem, two linear sets L p j and L Pi9 are i-TL-equivalent if and only 
if either a f = a g ot a f = a g l . So the number of orbits of such F g -linear sets under the action 
of PTL(2n,q t ) is x/2 where x is the number of F^-automorphisms a of ¥ q t with Fix(a) = ¥ q . 
This means that x is the number of generators of the group Gal(¥ q t : ¥ q ), i.e. x = ty{t) is the 
number of positive integers less than t which are relatively prime to t. □ 

In what follows we will show that each scattered Fq-linear set of pseudoregulus type can be 
obtained as in Theorem 13.51 Let start by proving 

Theorem 3.9. Let E ~ PG(tn - l,q) be a subgeometry of S* = PG(V,¥ q t) = PG(tn - l,q l ) 
defined by the semilinear collineation ^> of order t o/E*. Also, let D be a Desarguesian (t — 1)- 
spread of E and denote by a director subspace of T> . Then for each pair of integers i\,ii € 
{0, 1, t — 1} such that gcd(i2 —ii,t) = 1, the linear set obtained projecting E from the subspace 
r = (Q* 1 : i 7^ is a scattered ¥ q -linear set of type L p j described in Theorem \3.5l 

Proof. Since Fix(^f) = E, the collineation ^ is induced by an invertible strictly semilinear 
map g : V — > V of order t, with companion automorphism a such that Fix{a) = ¥ q . Since 
= PG(U,¥ q t) is a director subspace of the Desarguesian spread T>, we have that V = T>{&) 
and E* = (9, 9*, Let G {0,1,..., t - 1} such that gcd(i 2 - h,t) = 1 and let 

r = (9* 1 : i ^ h,i 2 ) and A = (9* n ,9* 12 ). Then dimT = n(t - 2) - 1, dim A = 2n - 1, 
rnA = rnE = and hence we can project the subgeometry E from the center T onto the axis 
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A. By Theorem 12.41 the projection L = pr(E) is an Fg-linear set of A of rank tn and (L) = A. 
Also, it is easy to see that 

X = Fix(H>) = {(u + g(u)+g 2 (u) + ---+g t ~ 1 (u)) :uG(7\{0}}, 

and hence the projection of £ from V into A is 

L = Pr (S) = {(^(u)+5 i2 (u)> : ue^\{0}} = {(y + /(y)} : y € g h {U) \ {0}}, 

where / : v E g ll (U) — > g* 2 ~ n (v) £ g t2 {U). Since / is an invertible semilinear map whose 
companion authomorphism is o t2 ~ l1 and gcd{%2 — ii,t) = 1, we have that Fix(cr l2 ~ H ) = ¥ q . So, 
by Theorem 13. 5| L is a scattered F g -linear set of A of pseudoregulus type with 0* H and 0* 12 
as transversal spaces. □ 

Remark 3.10. Note that, if gcd{i<i —ii,t) = s, then the linear set L obtained projecting £ from 
T = (0* 1 : i ^ 11,12), is an Fgs-linear set. 



Recall that, by Theorem l2.44 every F^-linear set L of A spanning the whole space can be obtained 
projecting a subgeometry. If L is of pseudoregulus type we can prove what follows 

Theorem 3.11. Let L be a scattered ¥ q -Unear set of A = PG(2n — 1,5*) of pseudoregulus 
type with associated pseudoregulus V obtained by projecting in A a subgeometry T, = Fix(^) ~ 
PG{tn — 1,5) of £* = PG{tn — 1,5*) from an {n{t — 2) — 1) -dimensional subspace T disjoint 
from S. T/ien 

(%) The set 

v L = {(r»ns : ser} 

is a Desarguesian (t — 1) -spread of S. 
(ii) There exists a director space ofT>i such that 

r = (0,©v..,eO, (8) 

where r = *$> m with gcd(m,t) = 1. 

Proof. Since each line s of V has weight t in L, it is clear that (T, s) n S is a (i — l)-dimensional 
subspace of S. Also, since the lines of V are mutually disjoint and \V\ = q , the set in 
(i) is a (t — l)-spread of S. 

Denote by T\ and T2 the transversal spaces of V and let K\ be the (n(i — 1) — l)-dimensional 
subspace of X* joining T and T\. Since L is disjoint from T\, we have that K\ n £ = 0, and 
hence #1 n iTf n ■ ■ ■ n Kf' 1 = 0. So = K x n iTf D ■ ■ ■ D iff *~ 2 is an (n - l)-dimensional 
subspace of £* and £* = (©,©*,..., 0*' -1 ). 
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Now, for each line s of V, let X s = (T, s) PI £ be the corresponding element of the spread T>l 
and denote by X* the (t — l)-dimensional subspace of S* such that X s = X* Pi S, i.e. X* is the 
F^t -extension of X s in £*. So X* C (r, s) and since X* intersects S in a subspace of the same 
dimension, we have that (X*)* = X* (see [HI Lemma 1]). Also, let P be the point sPlTi. Then 
(T, P) is a hyperplane of (T, s) and hence = (T, P) Pi X* is a (i — 2)-dimensional subspace of 
X* . Since H s C if ! , we have that H s is disjoint from S and hence ii s n iff Pi - - - Pi iif = 0. So 
H s , JET* , . . . , JET* are t independent hyperplanes of X* . This implies that H a Pi Hf Pi • • • Pi iif 
is a point, say of X*. So 

R s g a s * n(ff,nff*n-n iif _2 ) c x s * n {K x n iff n • • • n k? 1 ' 2 ) = x*n@ 

for each s & V. By Remark 12.11 we get that T>l is a Desarguesian spread of S with G as a 
director space. Also, G* 1 C ifi for each i 7^ 1 and hence iTi = (G* 1 : i 7^ 1) and ifi n = 0. 

In the same way, if if 2 = (I\T2), we get that if 2 H iff Pi - - - PI iff is a director space 
of the Desarguesian spread T>l and hence there exists m € {1, 2, . . . ,t — 1} such that if2 PI 
iff n • • • n iff = Q*™ (see [151 Theorem 3]). So G* 1 C if 2 for each i ^ m + 1 and hence 
K 2 = (0* 4 : i / m + 1) and if 2 PI G' I ' m+1 = 0. This means that 

T = ifi Pif 2 = (G* 1 : i^l,m+l). 

So, if ^ m = r and Q = Q* 2m+1 ; we get ([8]) of (u). Finally, since L is a scattered F 9 -linear set, 
by Theorem 13.91 Remarks 13.101 and 12.31 we have that gcd(t,m) = 1. □ 

By Theorems 13.91 and 13.111 we have 

Theorem 3.12. Each ¥ q -linear set of PG{2n — 1,5*) of pseudoregulus type is one of the L p j 
described in Theorem \3.5[ 

Finally, by Theorem 13.121 and by Corollary 13.81 we can state the following classification result 
which generalizes [151 Theorem 4]. 

Theorem 3.13. In the projective space A = PG(2n -l,q f ) (n > 2, t > 3) there are <p(t)/2 
© orbits of maximum scattered ¥ q -linear sets of pseudoregulus type under the action of the 
collineation group of A. 

4 A class of maximum scattered F g -linear sets of PG(1,^) 

The arguments proving Theorem 13.51 can be exploited to construct a class of maximum scattered 
Fq-linear sets of the projective line A = PG(V, F„t) = PG(1, g*) with a structure resembling that 
of an F g -linear set of PG(2n — 1, g*) (n,t > 2) of pseudoregulus type. To this aim let Pi = (w) 

3 tp denotes the Euler's phi function 
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and P2 = (v) be two distinct points of A and let r be an F g -automorphism of ¥ q t such that 
Fix(r) = ¥ q ; then for each p £ F* t the set 

W PjT = {Aw + pA T v : A G F g t}, 

is an Fg-vector subspace of V of dimension t and L P}T := L\y p T is a scattered F g -linear set of A. 

Definition 4.1. We call the linear sets L p ^ T of pseudoregulus type and we refer to the points Pi 
and P2 as transversal points of L P)T . 

Also in this case, if L p>T n £p', T 7^ 0, then Lp )T = L p > jT and this happens if and only if 
N q t/ q (p) = N q t/ q (p'); so Pi, P2 and the automorphism r define a set of q — 1 mutually disjoint 
maximum scattered linear sets of pseudoregulus type admitting the same transversal points and 
covering, together with Pi and P2, the pointset of the line A = PG(l,g*). 

Remark 4.2. It is easy to see that for each p, p' G F* t the linear sets L P)T and L p ^ T are 
projectively equivalent. Also, if t = 2, then L p ^ T is a Baer subline of A = PG(l,q 2 ) and Pi and 
P2 are conjugated with respect to the semilinear involution of A fixing L PtT pointwise. 

In what follows we show that, if t > 3, the transversal points of an F^-linear set of pseudoregulus 
type of the PG(l,q t ) are uniquely determined. 
To see this, we first prove the following result. 

Theorem 4.3. Let E ~ PG(t-l,q) be a subgeometry o/S* = PG(V,¥ qt ) = PG{t-l,q l ) defined 
by the semilinear collineation ^ of order t > 3 of T,* . Also, let P be a point of X* such that 
X* = (P, P*, P* , . . . , P* ). Then for each pair of integers 11,12 G {0, 1, t — 1} such that 
gcd{i2 — ii,t) = 1, the linear set obtained projecting £ from the subspace T = (P** : i ^ 11,12) 
is an ¥ q -linear set of pseudoregulus type, and conversely. 

Proof. Proceeding as in the proof of Theorem I3,91 we get that L = pr(E) is an F^-linear set of 
A of rank t and (L) = A, where V = (P^ : i / i u i 2 ) and A = (P** 1 , P^ 2 ). Also, if P = (u), 
it is easy to see that 

S = Fix(V) = {(Au + A CT 5 (u) + A CT V (u) + • • • + A ff *~V -1 (u)> : A e F ^}> 

and hence the projection of £ from T into A is 

L = Pr (X) = {(A CT V 1 (u) + A CT V 2 (u)) : A G F* t } = {(pw + ^ 12 " !l (w))) : MGF;,}, 

where w = g ll (u) and r = cr i2_n . Since gcd{%2 — ii,t) = 1, we have that Fix{r) = ¥ q . So, by 
Definition 14. 1\ L is a scattered F 9 -linear set of A of pseudoregulus type with p*' 1 = (w) and 
p\&*2 _ ^*2- J i^)) as transversal points. 

Conversely, let L PjT be an F^-linear set of A = PG(1, q ) of pseudoregulus type with transver- 
sal points Pi and P2. By Remark 14.21 and by Theorem 12.51 we may suppose that p = 1. 
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Let r = q m , with gcd(m,t) = 1, and embed A = PG(l,g*) in a (t — l)-dimensional space 
£* = PG(t — 1, g 4 ) in such a way that A has equations Xi = for i G {0, 1, . . . , t — 1}, i 7^ 0, m 
and and P2 have coordinates ((1, 0, . . . , 0)) and ((0, . . . , 1, . . . , 0)), respectively, i.e. the points 
of L ljT have coordinates ((A, 0, 0, 0, A 9 ™ , 0, . . . , 0)). Let E be the subgeometry of £* defined 
by the following semilinear collineation of order t 

: ((x ,xi,...,x t -i)) — > {{xl_ x ,xl,. . . ,x q t _ 2 )) 

and let V be the (t — 3)-dimensional subspace of E* with equations xq = x m = 0. Then the 

2 t 1 

points of E are the points with coordinates (x 9 ) and Li jr is the projection of E 

from T to A. Also, T = {Pf : i ^ 0, m) and A = (Pi, P*'"), where Pf m = P 2 . □ 

Remark 4.4. Note that, with the notation of the previous theorem, if T = {P" : i ^ 0, 1), 
where £* = (P, P w , P^ 2 , . . . ,P tJ '" 1 } and E = Fix(u), then 

a)T / r wJ for each j G {1, . . . , t - 1}; 

6) dim (rnr w3 ) = t-4 when j € {l,t - 1} and dim (V [~l P"*) = t - 5 if j / 0, 1, t - 1. 

Corollary 4.5. i/L is an ¥ q -linear set of pseudoregulus type of A = PG(l,q l ), t > 3, £/ien rfs 
transversal points are uniquely determined. 

Proof. By the previous result we may assume that L is the projection of E = Fixfif) from 
r = (P*' : i ^ 0, m) to A = (P, P* m ) where P and p* m are transversal points of L. Set 
w = # m , then r = (P wl : i + 0, 1} and A = (P,P W ). Let H = (T,P) and if = (r,P w ), then 
if" = H. Now, we prove that if and if w are the unique hyperplanes of E* containing T which 
are conjugated under a power of the collineation oj. So, suppose that if' is a hyperplane of S* 
containing T such that K ,LuJ also contains V, for some j € {1, . . . , t — 1}. Then, r C if' H if '^ 
and hence T and T 1 ^ are contained in if' ^ . By a) of Remark 14.41 T and T 1 ^ are two different 
hyperplanes of K'^ J and hence dimiT n P*^) = f — 4. Then, by b) of Remark 14.41 either j = 1 
or j = t — 1. 

Now, if j = 1 then K = K', otherwise r = K w n if /w = (if n if ') w = P" contradicting a) of 
Remark 14.41 On the other hand, if j = t — 1, then arguing as above we get if' = K u . 

Now, by Remark 12.61 the linear set L is projectively equivalent to the F g -linear set {P + V : 
P G £} contained in the quotient space S-p = E*/P In this setting, transversal points of L 
correspond to hyperplanes of E* containing Y which are conjugated under a power of uj, where 
E = Fix{u). Then by Theorem 12.51 and by the previous arguments we get that the transversal 
points of L are uniquely determined. □ 

Now we are able to classify the linear sets of pseudoregulus type of the projective line PG(1, q 1 ). 

Theorem 4.6. In A = PG(1,</*) (t>3) there are tp(t)/2 orbits of¥ q -linear sets of pseudoregulus 
type under the action of the collineation group of A. 
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Proof. Since the collineation group of A acts 2-transitively on the points of A, by Corollary 14.51 
we may just consider F 9 -linear sets of pseudoregulus type having the same transversal points Pi 
and P%. Now, arguing as in the proof of Theorem 13 .71 we get that L p a and L p i jW are projectively 
equivalent if and only if a = co^ 1 . From this, the assertion follows. □ 

Remark 4.7. By Remark l4.2l each F^-linear set of pseudoregulus type of the line A = PG(1, q l ) 
is projectively equivalent to 

L 1>m = {((x,xi m )):xeF* qt }, (9) 

for some m S {1, . . . ,t — 1} with gcd(m,t) = 1. Moreover, by Theorem 14.61 L\^ m and L\ )m i are 
projectively equivalent if and only if either m! = m or m' = t — m. 

Also, let L p j be an Fq-linear set of pseudoregulus type of PG(2n — l,q ), n > 1, and let Vl f 
be the associated F 9 -pseudoregulus. Taking into account ([3|) and Definition 14. 1\ we observe that 
for each line s € V p j, the set L p j n s is a linear set of pseudoregulus type whose transversal 
points are the intersections of s with the transversal subspaces of Vl p f ■ 

Example 4.8. We end this section by showing examples of maximum scattered Fq-linear sets 
which are not of pseudoregulus type. Let 

L = {((x,px< 1 + x« t ~ 1 )} :xGF* t }, 

where p G ¥ q t such that N q t/ q (p) ^ 1. By [I8j Theorem 2] L is a scattered F g -linear set of 
rank t. Moreover, a slight generalization of the arguments used in the proof of Theorem 3 of 
[18] . leads to show that, if p ^ and t > 4, L is not projectively equivalent to any scattered 
F 9 -linear set of the shape ([9]). Hence, L is a maximum scattered F ? -linear set which is not of 
pseudoregulus type. 
Now, let 

L= {{(x ,x 1 ,...,x n ^ 1 ,px q + xl ,xf, . . . ,x q n _ x )) : Xi GF 9 t}, 

with p E ¥* t and N q t/ q (p) ^ 1. It is easy to see that L is a scattered F g -linear set of rank tn. 
Also, the line r with equations x\ = X2 = • • • = x n -± = is a line of weight t in L and, by the 
previous arguments r n L is an Fq-linear set which is not of pseudoregulus type. So by Remark 
14.71 f° r each t > 4 and n > 2, L is not of pseudoregulus type. 

5 Linear sets and the variety Q(<S nn ) 

Let E = End(¥ q n , F„) be the n 2 -dimensional vector space of the endomorphisms of F ? n over 
W q . The Segre Variety S n ^ n = S n ^ n (q) of the projective space P = PG(K,¥ q ) = PG(n 2 — l,q) 
is the algebraic variety defined by the elements of E of rank 1 and the (n — 2)-secant variety 
Q(<S n ,n) = Q(Sn,n(o)) °f Sn,n * s the hypersurface of P (also called determinantal hypersurface) 
defined by the non-invertible elements of E. 
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n— 1 

If t a : x G F g n 4ai£ F g n , with a G F g n and Tr : x G F g n i-> x + x 9 + • • • + x q G F q n , we 
have that 

S n ,n = {{tx o Tr o t„) : A, ^FJ„}. <0) 
Moreover, given A € F* n , the (n — 1) -dimensional projective subspaces of P 

X(X) = {(t a oTrot x ) : a G F*„}, 
X'(A) ={(t A oTro( a ) : a G F*„} 
are the maximal subspaces contained in S Utn and S ntn = Uapf* = LUeF* ^'(^)- The 

qTi qTi 

sets 72-1 = {-X"(A) : A G F* n } and 7^-2 = {-^'(A) : A G F* n } are the systems of <S n) „ and they 
satisfy the following properties: (a) the subspaces of IZi (resp. 7^2) are mutually disjoint; (b) if 
-X"(/x) and X'(A) are (n — 1) -dimensional subspaces belonging to different systems of S n ^ n , then 
X([a) fl X'(A) = {{t\ o Tr o i^)} is a point; (c) each point of S ntn belongs to a unique element 
of 1Z\ and to a unique element of 7^2 (see, e.g., [U Section 25.5] for further details). 

For each ip G E, where </?(x) = X^S) A 3 ^! the conjugate Tp of 93 is defined by = 
^^Tq 1 /3| x q " % . Precisely, (p is the adjoint map of ip with respect to the non-degenerate 
bilinear form of F ? n 

(x,y) =tr q n /q (xy). (10) 

The map 

is an involutory F^-linear permutation of E and straightforward computations show that 

(p o ip = ifr o Tp, ip~ l = (jp)~ l for each (p, tp G E; (11) 
t\ = t x for each A G ¥ q n . (12) 

Moreover, it can be easily checked that ker tp = (Imp)' L , where _L is the polarity defined by 
(|10p . and hence dim (ker cp) = dim (kerlp). Then T induces in P a linear involutory collineation 
preserving the varieties S niTl and 0(<S n n ) and interchanging the systems 7^1 and 7^-2 of S n ^ n . 
Indeed, we have 

X{fif T = X'(p) for each /x G F*„ . (13) 

The subgroup iJ(<S njn ) of PTL(n 2 ,q) fixing the systems TZ\ and 7^2 of S n ^ n is isomorphic to 
PTL(n,q) x PTL(n,q), and such a group has index 2 in the group G(S n<n ) = Aut(S n ^ n ) = 
Aut(n(S n , n )) (see §25.5]). 

Let X := {(t\) : AG F*™}. Then I is an (n — l)-dimensional subspace of F disjoint from the 
variety Q(S n ^ n ) and 

P X (I) = {{<t Q o : a G F*„} : G E \ {0}} 
4 o stands for composition of maps 
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and 

V 2 (X) = {{(if o t a ) : a € F*„} : ip € E \ {0}} 

are two Desarguesian spreads of P (see, e.g., [3j Example 3 and Theorem 14]), both containing 
X and such that IZi C 2?i(X), 72.2 C 2>2(X). We explicitly note that $t fixes X pointwise and 
P^j^t = X> 2 (I). 

Let Il n _i(Pi(X)) be the F g -linear representation of the projective space PG(n—l, q n ) defined 
by the Desarguesian spread T>i(I) of P. Let Ti be the linear collineation of P defined as 

T 1 : (ip) 6 P i— > (if') € P, 

where <p'(x) = Yl?=o a i-i x<1 * ^ f( x ) = Y17=0 a i x ^ ■> taking the indices % modulo n. Such a 
collineation fixes the Desarguesian spread X>i(X) and induces a collineation Ti in II n _i(X>i(X)) 
of order n whose fixed pointset consists of the elements of Hence, 7L\ turns out to be a 
subgeometry of H n -\(T>\{Z)) isomorphic to PG(n — l,q). We explicitly note that 

Z T i = {( x k> Ax 9 '} : A G F* n } and (X,X Tl , . . . ,1^) = P. (14) 

So X, in II n _i(X>i(X)), is a point whose orbit under the action of the cyclic group (Ti) has 
maximum size n. 

In the same way, the collineation T2 = o Ti o $y fixes the Desarguesian spread 2^2 (X) 
and induces a collineation T2 in II n _i(P2(X)) of order n whose fixed pointset consists of the 
elements of 72-2 • Also, X 1 a =X x i . 

Let Ox be the orbit, under the action of the group H{S n ^ n ), of the (n — l)-dimensional 
subspace X of P. A subspace belonging to such an orbit will be called a T>-subspace of P. In 
the following we will study the geometric properties of the X>-subspaces of P under the action 
of H(S n , n ). 

Let X be a D-subspace of P. From the previous arguments it follows that there exist two 
Desarguesian spreads T>\(X) and D^X) of P both containing X such that for each i = 1,2: 

Dl) Ki C T>i(X), 

D2) there exists a semilinear collineation Sj of H n -i(T>i(X)) induced by a linear collineation 
Hj of order n in P fixing the Desarguesian spread T>i(X). Moreover, Ri = Fixr^i is a 
subgeometry of H n -i(T>i(X)) isomorphic to a PG(n — 1, q). 

Also, starting from <3?r and taking into account the previous arguments, we have that there is 
an involutory collineation $ of P such that 

D3) $ fixes pointwise X, 

D4) Vt(Xf =V 2 (X). 
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This allows us to give the following 

Definition 5.1. Let X be a £>-subspace of b and let Hj (i G {1,2}) be one of the two 
collineations of P described in D2). Each of the D-subspaces X^ , with j £ {0, 1, . . . , n — 1}, is 
said to be a conjugate of X. Note that X~2 = X a i , so X admits exactly n conjugates. 

Remark 5.2. If n = 2, then E = E , n<i(F (? 2, F g ) and 52,2(9) 1S the hyperbolic quadric Q + (3, q) 
of P = PG(E,F 9 ) = PG{3,q) defined by the quadratic form 

ip G E i-> a 9+1 - G Fq, 

where (f(x) = ax + Hence, the group -#(£2,2) * s the subgroup of the orthogonal group 
PrO + (4, g) fixing the reguli of Q + (3,q). Also, the if (<S2,2) _ orbit of the line I, is the set of 
all external lines to the quadric. Moreover, the involutory linear collineation Ti of P described 
above is 

(x H> ax + bx q ) 1 — > (x (-)• b q x + a^x 9 ). 

This means that the conjugate of I is the line X Tl = {(x t— > fix q ) : /i G F* 2 }, which is the polar 
line of X with respect to the quadric Q + (3, q). 

5.1 Linear sets and presemifields 

A finite semifield is a finite division algebra which is not necessarily associative and throughout 
this paper the term semifield will always be used to denote a finite semifield (see, e.g., p3] 
Chapter 6 for definitions and notations on finite semifields). Every field is a semifield and the 
term proper semifield will mean a semifield which is not a field. The left nucleus N; and the 
center K of a semifield § are fields contained in S as substructures (!€ subfield of Ni) and § is 
a vector space over N; and over K. Semifields are studied up to an equivalence relation called 
isotopy and the dimensions of a semifield over its left nucleus and over its center are invariant 
up to isotopy. 

Let § be a semifield with center K and left nucleus N/ and let (¥ q ,¥ q t) be a pair of fields 
such that F q < K and ¥ q t < r% then S is a finite extension of ¥ q t and hence it has size 
q nt for some integer n > 1. If § is a proper semifield, then n > 2. For each given pair of 
subfields described above, we can associate with 8 an Fq-linear set of rank nt of the projective 
space P = PG(E,F qt ) = PG(n 2 - l,q l ) (where E = End(¥ qnt ,¥ q t)) disjoint from the variety 
Q(S n ^ n (q t )) of P defined by the non-invertible elements of E. Isotopic semifields produce in 
P = PG(n 2 — l,q t ) linear sets which are equivalent with respect to the action of the group 
H (S ritn (q t )), and conversely (see |17| for n = 2 and |11| for n > 2). The pair (K, N;) have the 
following properties: (i) maximizes the field of linearity of the linear set associated with §, (ii) 
minimizes the dimension of the projective space P in which the linear set is embedded and (Hi) 
minimizes the group H(S njn ). In what follows we call such a linear set the relevant linear set 
associated with S. For instance, if § = ¥ q , then N/ = K. = ¥ q and hence the relevant linear set 
associated with the field ¥ q is the point PG(¥ q ,¥ q ); while, if ¥ q i is a subfield of ¥ q , q = q' n , 
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then the linear set associated with ¥ q with respect to the pair (¥ q i,¥ q i) is an (n — l)-dimensional 
subspace of P = PG{n 2 — 1, q') disjoint from the variety 0,(S n>n (q')) of P which is a D-subspace 
of P, and conversely (see |1U[ Theorem 20]). 

In the next sections we will characterize, up to the action of the group H(S ntn ), the relevant 
linear sets associated with some classical semifields: the Generalized Twisted Fields and the 
Knuth semifields 2-dimensional over their left nucleus. 

5.2 Generalized Twisted Fields 

If § satisfies all the axioms for a semifield except, possibly, the existence of the identity element 
for the multiplication, then it is a presemifield. In such a case the nuclei and the center of S are 
defined as fields of linear maps contained in End(S, ¥ p ) (where p is the characteristic of S) (see, 
e.g., [20, Theorem 2.2]) and all that we stated and defined above for semifields can be applied 
to presemifields. 

The Generalized Twisted Fields are presemifields constructed by A. A. Albert in [2J. By [TJ 
Lemma 1] a Generalized Twisted Field G with center of order q, n-dimensional over its left 
nucleus (n > 2) and tn-dimensional over its center is of type G = (F„ n t, +,*) (q = p e , p prime) 
with 

x * y = yx — cy q x q , (15) 

where c G F*„ t , c ^ x qtl ~ 1 y qm ~ 1 for every x,y G ¥ q m, and 1 < I < n — 1, 1 < m < nt — 1, m 7^ tl. 
Since we required dim^G = nt and dimvqfi = n, we also have gcd(l,n) = gcd(t,m) = 1. From 
the previous conditions we get q > 2 and, if t = 1, then n > 3. In terms of linear maps, by 
[20\ Theorem 2.2] and by pQ Lemma 1] we can describe the left nucleus and the center of G as 
follows 

N/ = {t\ : xE ¥ q nt -> Ax € ¥ qn t \ A G ¥ q t} C E, 
IK = {t\ : x G ¥ q nt ^ Ax G ¥ q m \ A G ¥ q } C E, 
where E = End(¥ q nt,¥ q t) = V(n 2 ,¥ q t). The spread set associated with G is 

C = {(p y : x G ¥ q nt x-ky G F g nt | y G F ? nt} C E 

and it is an F 9 -subspace of E of dimension nt. Hence C defines an Fg-linear set of rank nt in the 
projective space P = PG(¥,,¥ q t) = PG(n 2 — 1, q 1 ); precisely 

L(G)=L c = {(cp y ) : y G F* n t}, 

which is the relevant linear set associated with G. Since the nonzero elements of C are invertible, 
L(G) is disjoint from the variety Q(S rijn (q t )) of P defined by the non-invertible elements of E. 
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By (|15p it is clear that L(G) is contained in the subspace A = PG(2n — 1,(7*) of P joining the 
D-space X = {(t\) : A G ¥* t } and its conjugate X T i = {(x (->• Xx q ) : A G F* nt }, precisely 

A = {{x Ax + Bx qtt ) :A,Be¥ qn t}. 

Note that A defines a line PG(l,q nt ) in the F g t-linear representation n n _i(Z>i(Z)). Also, since 
gcd(t,m) = 1, it is easy to verify that, if t > 2, then L(G) is a maximum scattered F g -linear set 
of A and, hence, A = (L(G)}. 

Proposition 5.3. Let G = (F„nt,+,*) &e a Generalized Twisted Field n- dimensional over its 
left nucleus and tn- dimensional over its center. 

(a) If t = 1, then L(G) is an (n — 1)- dimensional subspace o/P = PG(n 2 — 1, q) contained in A 
and in the linear representation H n -i(T>i(X)) ~ PG(n — l,q n ), L(G) induces an ¥ q t-linear set 
of pseudoregulus type with transversal points X and Z T i . 

(b) Ift>2, then L(G) is a scattered ¥ q -linear set of rank tn of pseudoregulus type of A with I 
and X T i as transversal spaces. 

Proof, (a) If t = 1, then C is an F 9 -subspace of E = End(¥ q n,¥ q ); i.e. L(G) is just an (n — 1)- 
dimensional subspace of P contained in A. Note that the map 

$:{(t A o<^} : A G F*„} G V\(X) — ► ((a , a u . . . , a n _i)) G PG(n - 1, <? n ) 

where y>(:c) = S^o 1 ^i^ 9 " is a linear collineation between n n _i(Pi(Z)) and PG{n — l,q n ) such 
that Z* = ((1,0,... ,0)), X T 'i* = ((0,... ,1,... ,0)) and A* is the line of PG(n - l,q n ) with 
equations x { = for i / 0,/. Also L(G)* = {((y, 0, 0, . . . , -cy 9 ™, 0, . . . , 0)} : y G ¥* n } is an 
Fg-linear set contained in the line A* of PG(n — l,q n ). By Definition 14.11 L(G) is a maximum 
scattered F g -linear set of pseudoregulus type of A*, with transversal points X* and Z T i*. This 
proves (a). 

(b) If t > 2, then the collineation 

: (i a : x -> yx) G X — ► (/(t y ) : x -> -cy^x 9 "} G X T 'i, 

is a semilinear collineation between Z and Z T i with companion automorphism <r : a G F„t -4 
ofl m £ Y q t and, since gcd(t,m) = 1, Fix(a) = ¥ q . Hence, by Theorem 13.51 Lw t , is an Fq-linear 

set of A of pseudoregulus type with transversal spaces X and Z T i , and since 

Wij = {t y + f(t y ) : y G ¥ q „t} = {x -> yx - cy qm x q " | y G F 9 n t } = C, 
we get Point (b). □ 

Now, we will prove that the properties of L(G) described in Proposition 15.31 completely 
characterize, up to isotopy, the Generalized Twisted Fields. 
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Theorem 5.4. Let § be a presemifield of order q nt with ¥ q contained in its center and ¥ q t 
contained in its left nucleus and let L(S) be the associated linear set with respect to the pair 
(¥ q ,¥ q t). Also, assume that L(§) is contained in a (2n— 1)- dimensional subspace o/P = PG(n 2 — 
1)9*) joining two conjugated T>-spaces X and X' o/P. If one of the following holds true 

(a) t = 1 and L(§) induces, in the linear representation n n _i(I?i(X)) ~ PG(n — l,q n ), an 
¥ q -linear set of pseudoregulus type of the line PG(l,q n ) of Yl n -i(Vi(X)) joining the points X 
and X' , with transversal points X and X' ; 

(b) t > 2 and L(§>) is a maximum scattered ¥ q -linear set of pseudoregulus type of (X,X') with 
X and X' as transversal spaces, then § is isotopic to a Generalized Twisted Field. 

Proof. Without loss of generality we may assume that § = (¥ q m , + , *) with ¥ q contained in K and 
¥ q t contained in N;. Let E = End(¥ q m, ¥ q ) and let C = {(f y : x G ¥ qn t —tx*y£ ¥ q nt \ y G ¥ q nt} 
be the spread set defined by S. Recall that the study of S, up to isotopy, corresponds to 
the study of the associated linear set L(S) = Lq in the projective space P = PG(¥,¥ q t) = 
PG{n 2 — 1, q*), up to the action of the group H{S n ^ n {q t )). Since all the P-spaces of P belong to 
the same -ff (5 nin (g*))-orbit, we may assume, up to isotopy, that X = 1, so X' = X T i for some 
I € {l,...,n- 1} (see (fTl)). 

(a) By Definition 14.11 L(S) = L p r where p G ¥* n and r : x \— > x q is an automorphism of ¥ q n 
such that gcd(m,n) = 1. This implies that 

C = {ip y : x G Fgn ->■ xy + py qm x q ' G ¥ q n \ y G F ? «}. 

Hence x *y = xy — cy q " 1 x ql where c = — p, i.e. S, up to isotopy, is a Generalized Twisted Field. 

(b) By Theorem 13.121 L(S) is of type L p j with transversal spaces I and X T i. Hence, there 
exist a semilinear collineation 

<&/ : (t y ) G I > (f(t y )) G Z T i 

with companion automorphism a G Atii(F ? t) such that Fix{o~) = ¥ q and an element p G F*„ t 
such that 

C={ty + P f{ty) I yGF ? nt}. 

This implies that 

f(t y ) : x -> r]y qm x qtl , 

where G F* nt , 1 < m < nt — 1 and gcd(t, m) = 1. Hence, putting c = — r/p, we have 
C = {(p y : x G F g nt — )• xy — cy q x q G ¥ q nt \ y G F g 7 l i}, 

this means that x * y = xy — cy qm ' x qt \ and hence S, up to isotopy, is a Generalized Twisted 
Field. □ 
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Note that if n = 2, then t > 2 and in such a case from Remark 15.21 Theorem 15.41 can be 
stated in the following form which generalizes [5j Theorems 4.3, 3.7] and |2H Theorems 4.12, 
4.13]. 

Corollary 5.5. Let S be a presemifield of order q 2t with center ¥ q and left nucleus ¥ q t. If 
L(S) is an ¥ q -linear set of PG(3,q t ) of pseudoregulus type with transversal lines external to the 
quadric £2,2 = Q + i^>i1 t ) pairwise polar with respect to the polarity defined by Q + (3,q t ), then S 
is isotopic to a Generalized Twisted Field. 



5.3 2-dimensional Knuth Semifiels 

The Knuth semifields 2-dimensional over the left nucleus and 2i-dimensional (t > 2) over the 
center ¥ q are the following: 

Ki 7 = (¥ q t x F q t,+,*) and &19 = (¥ q t x F q t,+,*) (see [Q p. 241 (Multiplications (17) and 
(19))]), with 

(u,v) * (x,y) = (u,v) [ X „ ^ „ 
y ' v ' y 1 \fy a x a + y a g 

and 

(u, v) * (x, y) = (u, v) ( X -i 1. 

\fy x a + ygj 

where a E Aut(¥ q t), Fix a = ¥ q , and / and g are non-zero elements in ¥ q t such that the 

polynomial x q+l + gx — f has no root in ¥ q t. 

The spread sets (of matrices) associated with K47 and K19 are 



Cl 7 

and 



x 

fy 



;i9 = 1 \ Jr -i xa + yg ) :x,ye¥ qt }cM, 

respectively, where M = V(4, q ) is the vector space of the 2 x 2-matrices over ¥ q t. 

The sets C17 and C19 are Fq-subspaces of M of dimension 2t and hence they define Bi- 
linear sets of rank 2t in the projective space P = PG(M,¥ q t) = PG(3,q t ). Precisely, using the 

coordinatization ( X ° Xl ) i->- (xn, x\ , xo, X3), 
\X2 x 3 J 

L(K 17 ) = {(x, y, fy°, x° + gy°) : x, y G ¥ qt } (16) 

and 

L(Ki 9 ) = {(x, y, /y^ 1 , x CT + gy) : x, y € F gi } (17) 
are the relevant linear sets associated with the semifields I&17 and K19, respectively. 
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Recall that L(Ku) and L(Kig) are disjoint from the hyperbolic quadric Q + (3,q t ) of P defined 
by the non-invertible matrices of M. Let 7Z± be the regulus of Q^ r (3,q t ) containing the line 
x 2 = x 3 = and let TZ 2 be the opposite one. 

Remark 5.6. Note that the collineation &t of P defined by the transpose operation on matri- 
ces fixes the quadric Q + (3,q t ) interchanging the reguli TZi and 7Z 2 and $>T(L(K.n(a, f, g))) = 
L(K\g(a, t , %)). In other words, the family ~K\g is the transpose family of K17 (see [9j §5]) 

Proposition 5.7. (1) L(Ki7) is an W q -linear set o/P = PG(3,q t ) of pseudoregulus type, whose 
transversal lines belong to 1Z\. 

(2) L(Kig) is an ¥ q -linear set o/P = PG(3, q l ) of pseudoregulus type, whose transversal lines 
belong to 1Z 2 . 

Proof. Let r and r' be the lines of 7£i with equations r : x 2 = x 3 = and r' : xo = x\ = 0. 
Then the map 

/: (x,y,0,0) ^ (0,0, fy^x* + gy°) 

induces a strictly semilinear collineation $j between r and r' having a as a companion automor- 
phism. Then by Theorem l3.51 L\ j is an F g -linear set of pseudoregulus type. Since L\ j = L(Kn) 
we get (1). 

Point (2) follows from Remark 15.61 and Point (1). □ 

In the next theorem we prove that the descriptions of L(Ki7) an d L(K\g) given in Proposition 
15.71 characterize the semifields K17 and K19 up to isotopism, generalizing some results contained 
in [5] and [21] for t = 2. 

Theorem 5.8. Let § be a presemifield of order q 2t with ¥ q contained in its center and F„t 
contained in its left nucleus and let L(S) be the associated linear set with respect to the pair 
(¥ q ,¥ g t). If L(S) is an ¥ q -linear set of pseudoregulus type of P = PG(3,q t ) with associated 
transversal lines r and r' contained in Q + (3,q t ), then S is isotopic to a Knuth semifield K47 or 
K49. Precisely, if r,r' € Hi, then § is isotopic to a semifield IK17, whereas, if r,r' £ 1Z 2 , then S 
is isotopic to a semifield K49. 

Proof. Without loss of generality, we may assume that § = (F„t x ¥ q t,+,o), with ¥ q t x {0} 
contained in its left nucleus. This implies that 

(u,v) o ( x ,y) = (u,v)M, 

where M = M XtV € M. So, the spread set of matrices associated with S is 

c = (m =( m °( x ' y ) m i( x ^y) 

I x,y \ m 2 (x,y) m 3 (x,y) 

and 

L c = L(S) = {(m (x,y),m 1 (x,y),m 2 (x,y),m 3 (x,y)) : x,y £ ¥ q t}, 
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where nii(x,y) are Fg-linear maps. Assume that the transversal lines r and r' of L(S) are 
contained in TZi. Since the group H{S 2 2) = G (see Remark 1 5, 2 p acts 2-transitively on the lines 
of TZi, we can suppose that r = {(xq, Xi, 0, 0) : Xq,X\ G ¥ q t} and r' = {(0, 0, X2, X3) : x 2 ,x^ € ¥ q t}. 
Note that the stabilizer Gi r>r n in the group G of the lines r and r' acts transitively on the points 
of r. If P is any point of r, then the stabilizer Gr r y t p\ of P in G{ r yy fixes the point fir' and 
acts transitively on the remaining points of r'. This means that we can suppose, without loss of 
generality, that the line s with equations x\ = x 2 = belongs to the pseudoregulus associated 
with L(S). Let J? = r n a = (1, 0, 0, 0) and P' = r' n s = (0, 0, 0, 1). By Theorems I3T31 and 
13.51 there exist a strictly semilinear collineation $ : (x,y,0, 0) £r4 (0,0,h(x,y), g(x,y)) € r' 
having <r £ Au£(F ? t), with Fix a = W q , as companion automorphism, and an element p € F* t 
such that 

L(S) = {(x,y,ph(x,y),pg(x,y)) : x,y G F ? *}. 
Since $ is semilinear with companion automorphism cr, we have that 

h(x,y) = aix a + a 2 y a and g(x,y) = bix a + b 2 y a , 

where ai,a 2 ,bi,b 2 6 F g t. Also, since the line s belongs to the pseudoregulus associated with 
L(S), we have $(R) = P', i.e. ft(l,0)=ai = 0. So L(S) = {{x,y,ay a , (3 x a + jy a : x,ye¥ qt }, 
where a = pa 2 , P = pbi, 7 = pb 2 . Note that L(S) nQ+(3, g f ) = implies /3 ^ 0. The collineation 
w of P defined as u : (xo, £1, X2, X3) i-> (xo,xi,x 2 /[3, X3/ ' fi) fixes the reguli of Q + (3, q l ) and 

L(S) W = {(x, y, fy°,x° + gy°) : x, y G F,«}, 

where f = % and g = -p, i.e., up to isotopy, § is a K17 Knuth semifield. Finally, if the transversal 
lines of L(p) belong to 7Z 2 , arguing as in the previous case, we get that § is isotopic to a Kig 
Knuth semifield. □ 
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